In this paper we show that the polynomial structure of the topological string partition function found by Yamaguchi and Yau for the quintic holds for an arbitrary Calabi-Yau manifold with any number of moduli. Furthermore, we generalize these results to the open topological string partition function as discussed recently by Walcher and reproduce his results for the real quintic.
Introduction and Summary
The holomorphic anomaly equation of the topological string [1, 2] relates the anti-holomorphic derivative of the genus g topological string partition function F (g) with covariant derivatives of the partition functions of lower genus. This enables one to recursively determine the partition function at each genus up to a holomorphic ambiguity which has to be fixed by further information. A complete understanding of the holomorphic anomaly equation and its recursive procedure to determine the partition functions at every genus might lead to new insights in the understanding of the structure of the full topological string partition function Z = exp( λ 2g−2 F (g) ). For example in [3] , Witten interpreted Z as a wave function for the quantization of the space H 3 (X, Ê) of a Calabi-Yau X and the holomorphic anomaly equation as the background independence of this wave function. In [4] , Yamaguchi and Yau discovered that the non-holomorphic part of the topological string partition function for the quintic can be written as a polynomial in a finite number of generators. This improves the method using Feynman rules proposed in [2] . This polynomial structure was used in [5] to solve the quintic up to genus 51 and was applied to other Calabi-Yau manifolds with one modulus in [5, 6] . The first aim of this paper is to generalize the polynomial structure of the topological string partition function discovered in [4] to an arbitrary Calabi-Yau manifold with any number of moduli. 1 A related method for integrating the holomorphic anomaly equation using modular functions was presented in [8, 9] . Recently, an extension of the holomorphic anomaly equation which includes the open topological string was proposed by Walcher [10] . Its solution in terms of Feynman rules was proven soon after in [11] . The second task of this paper is to extend Yamaguchi and Yau's polynomial construction to the open topological string. We recently learned at the Simons Workshop in Mathematics and Physics 2007 that a similar generalization for the open topological string on the quintic will appear in [12] . The organisation of the paper is as follows. In the next section we briefly review the extended holomorphic anomaly equation and the initial correlation functions at low genus and number of holes which will be the starting point of the recursive procedure. Next we introduce the polynomial generators of the non-holomorphic part of the partition functions and show that holomorphic derivatives thereof can again be expressed in terms of these generators. As the initial correlation functions are expressions in these generators we will have thus shown that at every genus the partition functions will be again expressions in the generators. Afterwards we assign some grading to the generators and show that F (g,h) i 1 ...in , the partition function at genus g, with h holes and n insertions, will be a polynomial of degree 3g−3+3h/2+n in the generators. Finally, we determine the polynomial recursion relations and argue that, by a change of generators, the number of generators can be reduced by one. In order to solve the holomorphic anomaly equation it now suffices to make the most general Ansatz of the right degree in the generators for the partition function and use the recursion relation to match the coefficients. This procedure allows to determine the partition function up to some holomorphic ambiguity in every step. In the third section we apply our method to the real quintic and give the polynomial expressions for the partition functions and reproduce some recent results. Some subtleties of our approach still require further investigations, most of these are related to parametrizing the holomorphic ambiguities. There is a freedom in determining the holomorphic part of the generators which changes the complexity of the holomorphic ambiguity at every step. For the closed string part of the quintic we fixed the holomorphic part of the generators as in [13] , the ambiguities in the partition functions are then polynomials in the inverse discriminant. The Ansatz for these polynomials can be deduced in order to reproduce the right behaviour of the partition function at special points in the moduli space. It would be interesting to further understand the structure of the holomorphic part of the partition function and find out whether there is some systematic way to completely determine the topological string partition function. After we finished this paper a generalization of the holomorphic anomaly equations for the open topological string appeared in [14] .
2 Polynomial Structure of Topological String Partition Functions
Holomorphic Anomaly
In this paper we consider the open topological string with branes as in [10] . The B-model on a Calabi-Yau manifold X depends on the space M of complex structures parametrized by coordinates z i , i = 1, ..., h 1,2 (X). More precisely, the topological string partition function
at genus g with h boundaries is a section of a line bundle L 2−2g−h over M [10] .
The line bundle L may be identified with the bundle of holomorphic (3, 0)-forms Ω on X with first Chern class G ij = ∂ i∂j K . Here K is the Kähler potential and G ij the Kähler metric. Under Kähler transformations
The fundamental objects of the topological string are the holomorphic three point couplings at genus zero C ijk which can be integrated to the genus zero partition function F 0
and the disk amplitudes with two bulk insertions ∆ ij which are symmetric in the two indices but not holomorphic
Here ∆īj denotes the complex conjugate of ∆ ij and
* where m and n follow from the context. T * is the cotangent bundle of M with the standard connection coefficients Γ
The connection on the bundle L is given by the first derivatives of the Kähler potential
The correlation function at genus g with h boundaries and n insertions F (g,h)
i 1 ···in is only nonvanishing for (2g − 2 + h + n) > 0. They are related by taking covariant derivatives as this represents insertions of chiral operators in the bulk, e.g.
ii 1 ···in . Furthermore, in [10] it is shown that the genus g partition function with h holes is recursively related to lower genus partition functions and to partition functions with less boundaries. This is expressed for (2g − 2 + h) > 0 by an extension of the holomorphic anomaly equations of BCOV [2] 
These equations, supplemented bȳ
and special geometry, determine all correlation functions up to holomorhpic ambiguities.
In (5), χ is the Euler character of the manifold and in (6) N is the rank of a bundle over M in which the charge zero ground states of the open string live. Similar to the closed topological string [2] , a solution of the recursion equations is given in terms of Feynman rules. These Feynman rules have been proven for the open topological string in [11] . The propagators for these Feynman rules contain the ones already present for the closed topological string S, S i , S ij and new propagators ∆, ∆ i . Note that these are not the same as the ∆, with or without indices, that appear in [2] which there denote the inverses of the S propagators. S, S i and S ij are related to the three point couplings C ijk as
By definition, the propagators S, S i and S ij are sections of the bundles L −2 ⊗ Sym m T with m = 0, 1, 2. ∆ and ∆ i are related to the disk amplitudes with two insertions bȳ i 1 ···in . Note that the anomaly equation (3), as well as the definitions (7) and (8), leave the freedom of adding holomorphic functions under the ∂ derivatives as integration constants. This freedom is referred to as holomorphic ambiguities.
Initial Correlation Functions
To be able to apply a recursive procedure for solving the holomorphic anomaly equation, we first need to have some initial data to start with. In this case the initial data consists of the first non-vanishing correlation functions. The first non-vanishing correlation functions at genus zero without any boundaries are the holomorphic three point couplings
At genus zero with one boundary, the first non-vanishing correlation functions are the disk amplitudes with two insertions. The holomorhpic anomaly equation (2) is solved with (8) by
with some holomorphic functions g ij . Finally we solve (5) and (6) . (5) can be integrated wih (7) to
with ambiguity f
. For the annulus we find
and therefore
where f (0,2) i are holomorhpic. As can be seen from these expressions, the non-holomorphicity of the correlation functions only comes from the propagators together with K i . Indeed, we will now show that this holds for all partition functions F (g,h) .
Non-holomorphic Generators
From the holomorphic anomaly equation and its Feynman rule solution it is clear that at every genus g with h boundaries the building blocks of the partition function
Here it will be shown that all the non-holomorphic content of the partition functions F (g,h) can be expressed in terms of a finite number of generators. The generators we consider are the propagators S ij , S i , S, ∆ i , ∆ as well as K i , the partial derivative of the Kähler potential.
This construction is a generalization of Yamaguchi and Yau's polynomial construction for the quintic [4] where multi derivatives of the connections were used as generators. The propagators of the closed topological string as building blocks were also used recently by Grimm, Klemm, Marino and Weiss [9] for a direct integration of the topological string using modular properties of the big moduli space, where all propagators can be treated on equal footing. In the following we prove that if the anti-holomorphic part of F (g,h) is expressed in terms of the generators S ij , S i , S, ∆ i , ∆ and K i , then all covariant derivatives thereof are also expressed in terms of these generators. As the correlation functions for small genus and small number of boundaries are expressed in terms of the generators, it follows by induction, that all F (g,h) are expressed in terms of the generators.
The covariant derivatives contain the Christoffel connection and the connection K i of L. By integrating the special geometry relation
where s l ij denote holomorphic functions that are not fixed by the special geometry relation, we can express the Christoffel connection in terms of our generators. What remains is to show that the covariant derivatives of all generators are again expressed in terms of the generators. To obtain expressions for the covariant derivatives of the generators we first take the anti-holomorphic derivative of the expression, then use (13) and write the result as a total anti-holomorphic derivative again, for example
This equation determines D i S jk up to a holomorphic term. In this manner we obtain the following relations
where
and g i denote holomorphic functions (ambiguities). This completes our proof that all non-holomorphic parts of F (g,h) can be expressed in terms of the generators. Next, we will determine recursion relations, asign some grading to the generators and show that F (g,h)
i 1 ···in is a polynomial of degree 3g − 3 + 3h/2 + n.
Polynomial Recursion Relation
Let us now determine some recursion relations from the holomorhpic anomaly equation.
Computing the∂ī derivative of F (g,h) expressed in terms of S ij , S i , S, ∆ i , ∆, K i , and using (3) one obtains
Assuming linear independence ofC
and G iī the equation splits into three equations
The last equation (25) can be rephrased as the condition that F (g,h) does not depend explicitly on K i by making a suitable change of generators
i.e. ∂F (g,h) /∂K i = 0 for F (g,h) as a function of the tilded generators. Let us now asign a grading to the generators and covariant derivatives, which is naturally inherited from the U(1) grading given by the background charge for the U(1) current inside the twisted N = 2 superconformal algebra. The covariant holomorphic derivatives D i carry charge +1
as they represent the insertion of a chrial operator of U(1) charge +1. As K i is part of the connection, it is natural to asign charge +1 to K i . From the definitions (7) and (8) i 1 ···in for small g and h are a polynomial of degree 3g − 3 + 3h/2 + n in the generators. By the recursion relations, it immediately follows that this holds for all g and h.
The Real Quintic
As an example of our polynomial construction of the partition functions F (g,h) we consider the real quintic
where P is a homogeneous polynomial of degree 5 in 5 variables x 1 , . . . , x 5 with real coefficients. The real locus
is a Lagrangian submanifold on which the boundary of the Riemann surface can be mapped. For the closed topological string the polynomial construction was discovered by Yamaguchi and Yau in [4] and has been used in [5] to calculate F (g,0) up to g = 51. The open string case was analyzed in [10, 15] where the real quintic is given as an example for solving the extended holomorphic anomaly equation. We will follow the notation of these two papers.
The mirror quintic has one complex structure modulus, which will be denoted by z. To parametrize the holomorphic ambiguities we introduce as a holomorphic generator the inverse of the disrciminant
The Yukawa coupling is given by
For computational convenience we use instead of the generators S zz , S z , S, ∆ z and ∆ the generators
To obtain explicit forms of the generators we start with the integrated special geometry relation (14) and choose similar to [13] 
in order to cancel the singular term in the holomorhpic limit of Γ z zz . In the language of [2] this corresponds to a gauge choice of f = z −1/2 and v = 1. This choice of holomorhpic ambiguities fixes the propagators T zz , T z and T as
with θ = z 1) and F (0,3) the vanishing of the first two instanton numbers fixes the ambiguities and read
In Appendix A we also give the solution of F (1, 2) and F (2, 1) up to the holomorphic ambiguities. It would be interesting to fix this ambiguities by some further input.
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A The Polynomials
Using the method described in this work we obtained polynomial expression for the topological string partition functions. In this appendix we give the explicit expressions of some of these polynomials in terms of the transformed generators. 
B Ooguri-Vafa Invariants
Replacing the generators by their holomorphic limits we can extract the Ooguri-Vafa [16] invariants from the partition functions. We used for that the conjectured formula in [10] . It should be noted however that in our formalism the disk invariants n 
